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Abstract
The SU(1, 1) coherent states for a relativistic model of the linear singular oscillator are con-
sidered. The corresponding partition function is evaluated. The path integral for the transition
amplitude between SU(1, 1) coherent states is given. Classical equations of the motion in the gener-
alized curved phase space are obtained. It is shown that the use of quasiclassical Bohr-Sommerfeld
quantization rule yields the exact expression for the energy spectrum.
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I. INTRODUCTION
Coherent States (CS) are a useful tool for studying quantum systems [1, 2, 3]. The use
of the CS makes it possible to apply more transparent classical language to describe the
quantum phenomena [4, 5].
The concept of CS was first introduced for the boson oscillator [6, 7]. In this case they
are closely related with the unitary representations of the Heisenberg-Weyl group. Later on,
the generalized CS, associated with the unitary representations of an arbitrary Lie group,
have been defined [8]. The notion of generalized CS arises, when we attempt to construct
quasi-classical states for dynamical systems other than the harmonic oscillator [9, 10].
In the present work the technique of constructing a path integral representation for the
transition amplitude (propagator) between SU(1, 1) coherent states, developed in [8, 11, 12,
13, 14] is applied to the relativistic model of the linear singular oscillator [15]. The same
problem for the relativistic model of the harmonic oscillator was considered in [16].
This paper has following structure: Section 2 presents a brief description of the relativistic
linear singular oscillator and its SU(1, 1) dynamical symmetry group. The explicit form of
SU(1, 1) CS for this problem is given and the corresponding partition function is evaluated
in Section 3. In Section 4 we consider a path integral expression of the propagator in
SU(1, 1) CS and examine the corresponding classical limit. It is shown that the use of the
quasiclassical Bohr-Summerfield quantization rule yields the exact expression for the energy
spectrum of the considered relativistic linear singular oscillator.
II. THE RELATIVISTIC LINEAR SINGULAR OSCILLATOR AND SU(1, 1) DY-
NAMICAL SYMMETRY GROUP
Recently, we constructed a relativistic model of the quantum linear singular oscillator
[15], which can be applied for studying relativistic physical systems as well as systems on
a lattice. This model is formulated in the framework of the finite-difference relativistic
quantum mechanics, which was developed in several papers and applied to the solution of a
lot of problems in particle physics [17, 18, 19, 20, 21, 22, 23].
The Hamiltonian of the relativistic model of the linear singular oscillator under consid-
eration is a finite-difference operator [15]
2
H = mc2
[
cosh i∂ρ +
1
2
ω20ρ
(2)ei∂ρ +
g0
ρ(2)
ei∂ρ
]
, (1)
where ρ = x/λ¯ is a dimensionless variable, λ¯ = ~
mc
is the Compton wavelength of the particle,
ω0 =
~ω
mc2
, g0 =
mg
~
, and ρ(2) is the generalized degree [24]
ρ(δ) = iδ
Γ (δ − iρ)
Γ (−iρ) .
The eigenfunctions of the Hamiltonian (1) in the interval 0 < ρ < ∞ are expressed in
terms of the continuous dual Hahn polynomials Sn (x
2; a, b, c), i.e.
ψn (ρ) = cnω
iρ
0 (−ρ)(α) Γ (ν + iρ)Sn
(
ρ2;α, ν,
1
2
)
,
(2)
cn =
√
2
n!Γ (n + α + ν) Γ (n+ α + 1/2) Γ (n+ ν + 1/2)
.
Here we have introduced the notations
α =
1
2
+
1
2
√
1 +
2
ω20
(
1−
√
1− 8g0ω20
)
,
(3)
ν =
1
2
+
1
2
√
1 +
2
ω20
(
1 +
√
1− 8g0ω20
)
.
The functions (2) are orthonormal
∞∫
0
ψ∗n (ρ)ψm (ρ) dρ = δnm. (4)
A dynamical symmetry group for the model of the relativistic linear singular oscillator
under consideration is the SU(1, 1) group. The corresponding Lie algebra is formed by the
generators
K0 =
1
2~ω
H, K− = A−f−1 (H) , K+ = f−1 (H)A+, (5)
where
3
f (H) =
{[
H
mc2
+ ω0 (α− ν − 1)
] [
H
mc2
+ ω0 (ν − α− 1)
]}1/2
.
Having defined a generalized momentum operator
P = −mc
[
sinh (i∂ρ) +
1
2
ω20ρ
(2)ei∂ρ +
g0
ρ(2)
ei∂ρ
]
by means of the commutator
[ρ,H] = icP,
the operators A± may be written as
A± =
1
2ω0
[(
ω0ρ∓ i
mc
P
)2
− 2g0
ρ2 + 1
]
. (6)
The generators (5) satisfy the commutation relations
[
K0, K
±
]
= ±K±, [K−, K+] = 2K0. (7)
The operator K0 has a discrete spectrum in a infinite-dimensional unitary irreducible
representation D+(k) such that
K0ψn = (n + k)ψn, (8)
where n = 0, 1, 2, . . ., and k > 0. The Casimir invariant is
K2 = K20 −
1
2
(
K+K− +K−K+
)
= k (k − 1) Iˆ .
For the operators (5) one has K2 = α+ν
2
(
α+ν
2
− 1), so that k = (α+ ν) /2. Thus from
(5) and (8) we determine the energy levels as
En = 2~ω (n + k) = ~ω (2n+ α + ν) . (9)
Let us emphasize that due to the commutation relations (7) the action of the generators
K± on the wavefunctions ψn is given by
4
K−ψn = knψn−1, K
+ψn = kn+1ψn+1,
(10)
kn =
√
n(n + 2k − 1) =
√
n(n+ α + ν − 1).
From (10) follows that
ψn = Nn
(
K+
)n
ψ0,
N−1n = k1k2 · · · kn =
√
n! (α + ν)n, (11)
(a)n = Γ (n+ a) /Γ(a).
In the non-relativistic limit, when c → ∞ the wave-functions ψn (ρ) coincide with the
wavefunctions of the non-relativistic linear singular oscillator. In this limit we also have
lim
c→∞
(
H −mc2) = Hnonrel = ~ω
(
−1
2
∂2ξ +
1
2
ξ2 +
g0
ξ2
)
,
lim
c→∞
(
En −mc2
)
= Enonreln = ~ω (2n+ d+ 1) ,
lim
c→∞
1
2
A− = K−nonrel =
1
2
((
a−
)2 − g0
ξ2
)
,
lim
c→∞
1
2
A+ = K+nonrel =
1
2
((
a+
)2 − g0
ξ2
)
, (12)
lim
c→∞
Π = −i
√
m~ω∂ξ = −i~∂x = px,
lim
c→∞
α = d+ 1/2,
lim
c→∞
(ν − µ) = 1/2,
where d = 1
2
√
1 + 8g0, ξ =
√
mω
~
x and
a+ =
1√
2
(ξ − ∂ξ) , a+ = 1√
2
(ξ − ∂ξ)
are the usual creation and annihilation operators.
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III. SU(1, 1) COHERENT STATES
SU(1, 1) CS |ζ, k〉 are defined by acting with the displacement operator D (β) =
exp (βK+ − β∗K−) on the ground state wavefunctions ψ0 (ρ), i.e.
|ζ, k〉 = D (β)ψ0 (ρ) =
(
1− |ζ |2)k eζK+ψ0 (ρ) , (13)
where β = − τ
2
e−iϕ and ζ = − tanh τ
2
e−iϕ, τ and ϕ are group parameters. From (10) and
(13) it follows that the decomposition of |ζ, k〉 over the wavefunctions ψn (ρ) (2) has the
form
|ζ, k〉 = (1− |ζ |2)k ∞∑
n=0
√
(2k)n
n!
ζnψn (ρ). (14)
Using (2) one can rewrite (14) as follows
|ζ, k〉 = (1− |ζ |2)k
√
2
Γ (α + ν) Γ (α+ 1/2) Γ (ν + 1/2)
ωiρ0 (−ρ)(α) Γ (ν + iρ)×
(15)
∞∑
n=0
ζn
n!
[(α + 1/2)n (ν + 1/2)n]
−1/2 Sn
(
ρ2;α, ν,
1
2
)
.
One can look for the explicit expression of CS (15) taking into account Hermiticity con-
ditions of the Hamiltonian. Hermiticity condition of the Hamiltonian imposes a restriction
on the values of the quantity g0. Therefore, eigenvalues (9) are real only in case when α and
ν are real or complex-conjugate. We will calculate series (15) for the case, when α and ν
are equal or complex-conjugate, which imposes the condition g0 ≥ 18ω2
0
. The behavior of α
and ν are presented in Figs. 1 and 2.
Mentioned above condition allows us to rewrite (15) as
|ζ, k〉 = (1− |ζ |2)k
√
2
Γ (α + ν) Γ (α+ 1/2) Γ (ν + 1/2)
ωiρ0 (−ρ)(α) Γ (ν + iρ)×
(16)
∞∑
n=0
ζn
n! (|α|+ 1/2)n
Sn
(
ρ2; |α| , |α| , 1
2
)
.
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By the use of the following generation function for the continuous dual Hahn polynomials
[25]
∞∑
n=0
Sn (x
2; a, b, c)
(a+ c)nn!
tn = (1− t)−b+ix2F1

 a+ ix, c + ix
a+ c
∣∣∣∣∣∣ t


one can simplify (16) as
|ζ, k〉 = (1− |ζ |2)k
√
2
Γ (α + ν) Γ (α+ 1/2) Γ (ν + 1/2)
ωiρ0 (−ρ)(α) Γ (ν + iρ)×
(17)
(1− ζ)−|α|+iρ2F1

 |α|+ iρ, 12 + iρ
|α|+ 1
2
∣∣∣∣∣∣ ζ

 .
The SU(1, 1) CS (13) are orthogonal and the overlap of two states |ζ, k〉 and |ζ ′, k〉 is
given as
〈ζ ′, k | ζ, k〉 =
(
1− |ζ ′|2
)k (
1− |ζ |2)k (1− ζ ′∗ζ)−2k . (18)
The important property of these states is the completeness relation
∫
dµk(ζ) |ζ, k〉 〈ζ ′, k| = 1, (19)
where
dµk (ζ) =
2k − 1
pi
d2ζ(
1− |ζ |2)2 . (20)
The matrix elements of the generators K−, K+, K0 in the SU(1, 1) CS have the form
〈ζ ′, k|K− |ζ, k〉 = 2kζ
1− ζ ′∗ζ 〈ζ
′, k | ζ, k〉 ,
〈ζ ′, k|K+ |ζ, k〉 = 2kζ
′∗
1− ζ ′∗ζ 〈ζ
′, k | ζ, k〉 , (21)
〈ζ ′, k|K0 |ζ, k〉 = k (1 + ζ
′∗ζ)
1− ζ ′∗ζ 〈ζ
′, k | ζ, k〉 .
The transition amplitude (propagator) between SU(1, 1) CS is defined as
K (ζ ′; ζ ;T ) = 〈ζ ′; k| exp
(
− i
~
TH
)
|ζ ; k〉 ,
= 〈ζ ′; k| exp [−2iω0TK0] |ζ ; k〉 .
7
Using (14) and (18) it is easy to show that
K (ζ ′, ζ, T ) = e−2iωkT
(
1− |ζ |2)k (1− |ζ ′|2)k
(1− ζ ′∗ζe−2iωkT )2k . (22)
The partition function for the relativistic model of the linear singular oscillator under
consideration is given as
Zrel = Tr K (ζ, ζ
′;−i~β) = e
−2k~ωβ
1− e−2k~ωβ
= e−2~ω(α+ν−d−1)Znonrel,
where Znonrel is the partition function for the nonrelativistic linear singular oscillator.
IV. PATH INTEGRAL AND CLASSICAL EQUATIONS OF MOTION IN THE
GENERALIZED PATH SPACE
Following the paper [11, 12] we now derive the path integral expression for the amplitude
(22). Defining ε = T/N and using the completeness relation (19) it is possible to represent
(22) as
K (ζ ′, ζ ;T ) =
∫
· · ·
∫ N−1∏
j=1
dµk (ζj) 〈ζ ′, k| e− i~ εH |ζN−1, k〉 〈ζN−1, k| e− i~ εH |ζN−2, k〉 · · · 〈ζ1, k| e− i~ εH |ζ, k〉 .
(23)
With the help of (21) it is easy to show that for small ε each factor in the integrand (23)
can be written as
〈ζj, k| e− i~ εH |ζj−1, k〉 ∼= exp [ln 〈ζj, k | ζj−1, k〉]− iε
~
Hk
(
ζ∗j , ζj−1
)
,
where
Hk
(
ζ∗j , ζj−1
)
=
〈ζj , k|H |ζj−1, k〉
〈ζj , k | ζj−1, k〉 = 2k~ω
1 + ζ∗j ζj−1
1− ζ∗j ζj−1
. (24)
If we take into account (18) and fact that ζj−1 = ζj −∆ζj, we can write
ln 〈ζj, k | ζj−1, k〉 ∼= k
1− |ζ |2
(
ζj∆ζ
∗
j − ζ∗j∆ζj
)
.
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Thus, when N →∞ (or ε→ 0) we arrive at the following path integral for the amplitude
(22)
K (ζ ′, ζ ;T ) =
∫
Dµk (ζ) exp

 i~
T∫
0
Lk
(
ζ, ζ˙, ζ∗, ζ˙∗
)
dt

, (25)
with the classical Lagrangian
Lk
(
ζ, ζ˙, ζ∗, ζ˙∗
)
=
i~k
1− |ζ |2
(
ζ∗ζ˙ − ζζ˙∗
)
−Hk (ζ∗, ζ) (26)
in a generalized curved phase space in the form of a Lobachevsky plane.
The corresponding classical Euler-Lagrange equations have the form
d
dt
(
∂Lk
∂ζ˙
)
=
∂Lk
∂ζ
,
d
dt
(
∂Lk
∂ζ˙∗
)
=
∂Lk
∂ζ∗
. (27)
Using (26) we can represent (27) in the form of Hamiltonian’s equations:
ζ˙ =
(
1− |ζ |2)2
2i~k
∂Hk
∂ζ∗
, ζ˙∗ =
(
1− |ζ |2)2
2i~k
∂Hk
∂ζ
. (28)
If we define a Poisson bracket by
{A,B} =
(
1− |ζ |2)2
2i~k
(
∂A
∂ζ
∂B
∂ζ∗
− ∂A
∂ζ∗
∂B
∂ζ
)
, (29)
then we can write the equations (28) in a more compact form as
ζ˙ = {ζ,Hk} , ζ˙∗ = {ζ∗, Hk} . (30)
Since in our case Hk (ζ
∗, ζ) ≡ Hk (τ) = 2~ωk cosh (τ), the equations (30) written in terms
of the group parameters τ and ϕ will be reduced to
τ˙ = {τ,Hk (τ)} = 0, ϕ˙ = {ϕ,Hk (τ)} = 2ω. (31)
The solutions of (31) are τ = const and ϕ = 2ωtϕ0. Therefore, the classical motion in
the curved phase space is oscillator like.
In terms of τ and ϕ the Lagrangian (26) becomes
Lk = ~k [(cosh (τ)− 1) ϕ˙− 2ω cosh (τ)] ≡ ~kL˜ (τ, ϕ) . (32)
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Using the momentum p = ∂L˜/∂ϕ˙ = cosh (τ)−1, canonically conjugate to the coordinate
ϕ we may write
L˜ (p, ϕ) ≡ L˜ (τ, ϕ) = pϕ˙− 2ω (p+ 1) . (33)
Substituting (33) into (25) we arrive at the path-integral expression
K (ζ ′, ζ ;T ) =
∫
Dµk (p, ϕ) exp

ik
T∫
0
L˜ (p, ϕ) dt

. (34)
Since in the ~ → 0 limit the parameter k = (α + ν) /2 characterizing the irreducible
representation D+ (k) of the dynamical symmetry group SU(1, 1) behaves as k ∼= mc2
~ω
, from
(34) it follows that for k sufficiently large, the motion of the relativistic linear singular
oscillator in the curved phase space becomes quasiclassical.
Thus, when k → ∞ we can use Bohr-Sommerfeld quantization rule to find the energy
spectrum Ek = Hk (τ), i.e.
∮
pdϕ =
2pi
k
n, n = 0, 1, 2, . . . . (35)
From (35) follows that p = n/k and therefore
Ek = Hk (τ) = 2~ωk cosh(τ) = 2~ωk(p+ 1)
= 2~ω(n+ k) = ~ω(2n+ α + ν). (36)
Therefore, as in the non-relativistic case, the Bohr-Sommerfeld quantization rule yields
for the energy spectrum of the relativistic linear singular oscillator the exact expression (36).
V. CONCLUSION
In spite of many attractive papers devoted to construction of CS for non-relativistic
quantum systems, the number of works studying relativistic approaches to CS and path
integral formulation of the quantum systems is still rather few [16, 26, 27, 28].
In this paper we have considered the CS for a relativistic model of the linear singular
oscillator and obtained their explicit form. Thereafter, a path integral expression of the
10
transition amplitude between CS has been studied and corresponding classical limits are
shown. By the use of path integral approach the classical equations of the motion in the
generalized curved phase space are obtained. It was shown that the use of quasiclassical
Bohr-Sommerfeld quantization rule yields the exact expression for the energy spectrum.
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FIG. 1: The behavior of α and ν: real parts
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